The local well-posedness of the periodic Benjamin equation with small initial value in H s (T), s ≥ -1/2, is given. It is here shown that -1/2 is the lower endpoint to obtain the bilinear estimates which are the crucial steps to obtain the local well-posedness by the Picard iteration.
Introduction
The initial value problem (IVP) associated to the periodic Benjamin equation is  space. In this paper, (.) will be taken as our model to study the IVP of the periodic Benjamin equation. We will prove that the local well-posedness result of Linares, valid for s ≥ , can be extended to s ≥ -/. For the scaling argument, the following γ -periodic IVP for Benjamin equation should be considered:
Now, we formulate the main result of this paper as follows.
The definitions of X s , Y s , and H s will be given in Section . To prove Theorem ., the following bilinear estimates are crucial to our analysis.
Theorem . For s ≥ -/ and f , g ∈ X s , the following two bilinear estimates are true:
Since Miura's transform does not work for the Benjamin equation, the way to set up the ill-posedness of KdV equation fails in dealing with that of the Benjamin equation. However, we can provide a counterexample to show that the bilinear estimates (.) and (.) fail for s < -/. We end this section with the outline of this paper. In Section , some preliminaries which are essential to our proofs are collected. Section  contains the proofs of Theorem . and Theorem .. In Section , Theorem . is proved by constructing a counterexample to verify that the bilinear estimates (.) and (.) fail for s < -/.
Preliminaries
We begin this section with some basic notations. The Fourier transform on [, γ ] is defined asû
The Fourier inversion formula is denoted by
where (dk) γ is the normalized counting measure on Z \ γ and
It is easy to check that the classical properties of the Fourier transform hold for the mea-
For more information as regards the γ -periodic Fourier transform, see [] for example. For s ∈ R, the spatial Sobolev spaces are defined by
Let P  denote the mean operator
or equivalently P  u =û(). The solutions of the Benjamin equation are mean-preserving, and it will be convenient to assume that
which allows us to replace k ∈ Z \ γ with k ∈Ż \ γ (Ż = Z \ {}). One can easily pass from the mean-zero case to the general mean case by the Galilean transformation 
where
In fact, the study of the periodic Benjamin equation has been based on iteration in the space X s , but this space barely fails to control the L 
During the argument, we mainly focus on the iteration of the two functions in (.), which were understood as two free Benjamin flows iterating with each other. The resonance function
gives a description of the set where two Benjamin flows interact. The resonance function is a very important concept in the analysis of the nonlinear dispersion equations. The following fundamental estimates for the resonance function can be proved easily.
Proof Equation (.) is obvious. The proof of (.) is a straightforward calculation with consideration of the following six cases following from []:
The following fundamental estimates can be proved with a slight modification in [, ].
Lemma . There exists C >  such that for any ε > , α ∈ R, and  < ρ < ,
the following estimates are true:
Proof The proof of (.) is given first. The fact that, for any ε > ,
gives the following estimate by taking ε = /:
being a polynomial of degree  in the variable k  , (.) can be rewritten as
Then Z  has no more than γ numbers k  , therefore (.) can be controlled by
By the elementary inequality
for a i ≥ , i = , , it is sufficient to estimate
And hence (.) follows by the Hölder inequality with k  in the above term.
The same conclusion can be drawn for (.) by replacing k  with k in (.), while the proof of (.) can be handled in much the same way as that of (.) for (ρ -/) > .
In the following analysis, ρ = / in (.) is always used. Next, we use the lower bound of the resonance function to recover the derivative on the nonlinear term u∂ x u.
with kk  (k -k  ) = . Then for s ≥ -/,  < r < /, and γ , we have
Proof It can be confirmed easily by Lemma . that
Putting this lower estimate into Q s and Q s,r , we can obtain
where (.) is used in the last estimate.
Proofs of Theorem 1.1 and Theorem 1.2
For a function f ∈ X s , set
Sinceû() = , it is convenient to assume that kk  (k -k  ) = . We first prove Theorem .. The integral in the left hand of (.) can be controlled by
then by symmetry, the proof of (.) is reduced to the estimate
which can be considered by two cases.
In this case, set A is replaced by Cauchy-Schwarz's inequality allows us to control (.) by
We claim that there exists C >  such that, for s ≥ -/,
Indeed, the fact
allows us to write Q  as
.
Then (.) can be obtained by (.) and (.).
That is, we need to estimate the following term:
Fubini's theorem and the Cauchy-Schwarz inequality can be used to control (.) by
Write
Next, one only needs to show that, for s ≥ -/,
which is similar to the previous analysis of (.).
Using Lemma ., S  II can be estimated by
Then (.) and (.) can be used to obtain (.). The proof of (.) is completed. Next, we proceed the proof of Theorem . by showing (.). We first rewrite (.) as
As in the proof of (.), (.) can be considered by two cases.
In this case, the set A is replaced by By duality of L  ((dk) γ ), one only needs to estimate
which can be bounded by
by Cauchy-Schwarz's inequality. Therefore, it is sufficient to show that for s ≥ -/,
For some  < r < /,
By Lemma ., S  I could be controlled by
and finally S  I < ∞ for r < /. Case II. |λ + φ(k)| < |λ  + φ(k  )|. In this case, A is replaced by
where / < r < . As in Case I, let
Then it suffices to estimate
Applying the Cauchy-Schwarz inequality in λ, (.) can be bounded by
By the Cauchy-Schwarz inequality, we can obtain the following estimate for (.):
For s ≥ -/, we claim that
In fact, by Lemma ., we have
for some / < r < , we get S  II < ∞ as a result of (.). Theorem . has thus been proved.
Having disposed of the proof for Theorem ., we can now prove Theorem .. Taking Fourier transform with respect to x in (.) gives
The Y s norm cannot be calculated directly on the equation since the function has no integrability in time. A cutting off according to time is necessary. Let ψ(t) be a bump function with support in {|t| < } and ψ(t) =  for |t| < /. Then the following can be shown:
We adopt the idea in [] dealing with the KdV equation here to prove Theorem .. Let T denote the map defined by the above expressions of ψ(t)u(x, t). Then the task is to show that the map u → Tu is contracted in the space Y s .
To do this, we need the following estimates.
A straightforward application of Theorem . can produce the following proposition. 
Proof of Theorem 1.3
As explained in the above sections, the method used to prove the local well-posedness of the Benjamin equation is based on the bilinear estimates (.) and (.). In this section, a counterexample will be given to show that (.) and (.) are not true for s < -/ inspired by some ideas from [] . For any F = P f (k, λ) ∈ L  ((dk) γ dλ), the bilinear form B s (F, F) can be defined by
Then (.) equals
where s ≥ -/. A counterexample will be given next to show that (.) fails for s < -/. Choosing For those λ which are in a unit size interval of λ  , the following can be shown:
Moreover, the lower bound estimate on the resonance function implies
Hence, for any N ∈ N,
Therefore, s ≥ -/. The same function can be used to show that (.) fails for s < -/. This completes the proof of Theorem ..
